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Excited electron orbit coliapse and atomic spectra
R. I. Karaziya

Institute of Physics, Academy of Sciences of the Lithuanian SSR
Usp. Fiz. Nauk 135, 79-115 (September 1981)

The reasons for the two-well potential in free atoms and the collapse of the orbit (or wave function) of an
electron are discussed. Theoretical data on the dependence of the collapse on the atomic number, the degree
of ionization, the configuration, the many-electron quantum numbers, etc., are put in systematic form. A
similar effect occurs for a free electron moving in an atomic field. Various manifestations of the collapse and
the potential barrier in the energy spectra are discussed: an anomalous behavior of the quantum defect, a
nonmonotonic variation in the type of binding in an isoelectronic series, a broadening of the energy spectrum,
and a pronounced mixing of configurations. Effects of the collapse and the barrier in photoabsorption spectra
are also discussed: a suppression of the Rydberg series, a shift of the absorption edge, the appearance of giant
absorption resonances corresponding to transitions in the discrete spectrum, and the alignment of ions during
photoionization of atoms. Experimental data which furnish evidence that the interaction of slow electrons
with atoms is quasiresonant in the case of a two-well potential are reviewed briefly.

PACS numbers: 31.20.Tz, 32.70.Jz, 32.80.Fb
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1. INTRODUCTION

The introduction of new methods in optical spectro-
scopy and the development of vacuum-UV and x-ray
spectroscopy have stimulated more extensive research
on the properties of atoms, especially their excited
states. It has been found that the traditional picture of
Rydberg series and of monotor.ic variation in the char-
acteristics of atoms in an isceiectronic series or in
the series of neutral atoms during the filling of a shell
is sometimes disrupted. The primary cause of these
anomalous features in atomic properties is the so-
called collapse of the quantum orbit (or wave function)

of an excited electron, or simply "electron collapse."

This effect was predicted by Fermi1 way back in 1928.
Working from the solutions of the statistical Thomas-
Fermi equation, he showed that the radius of the 4f
orbit decreases sharply as the atomic number increas-
es from 55 to 60. The orbit converts from an outer
orbit into an inner orbit; the conversion is responsible
for the formation of the rare earth elements. The
changes in the nature of the wave functions of the 4f and
5f electrons at the beginning of the lanthanide and acti-
nide groups were studied in more detail, on the basis
of the same model, by Fermi's student Maria Goep-
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pert-Mayer. She showed that the reason for the phe-
nomenon lay in the particular shape of the effective po-
tential in which the excited f electron is moving; a
potential with two wells separated by a positive poten-
tial barrier. The deepening of the inner well with in-
creasing nuclear charge eventually leads to an abrupt
decrease in the radius of the quantum orbit, i.e., to a
collapse of this orbit (the term " collapse" was not
used in these early papers and was introduced later by
Cowan3).

Electron collapse attracted little interest through the
1960's, and the greater interest it has begun to win
since then is due entirely to the intense study of the
properties of excited atomic states.

It has been shown that the collapse occurs not only
forf electrons but also for excited A electrons.3'4 The
collapse can occur not only in a series of neutral atoms
but also in an isoelectronic series,3 upon a change in
electron configuration,5 or even upon a change in the
many-electron state of an atom.6'7 The collapse leads
to important changes—by factors ranging from several
units to several orders of magnitude—in various one-
electron and many-electron characteristics of atoms
which depend on the wave function of an excited elec-
tron: the average distance from the electron to the nu-
cleus, the binding energy, the electrostatic and spin-
orbit interactions between shells, oscillator strengths,
etc.3'8 These changes can be seen in the energy spec-
tra of the atoms and in the photoabsorption spectra as
several anomalous features and nonmonotonic variation
from one element to another.

If a free electron is moving in the field of an atom
whose effective potential contains an inner well bound-
ed by a positive potential barrier, then at the electron
energy equal to the energy of a quasistationary level
in the well there is an abrupt penetration of the radial
wave function of the free electron into the atom.9"11

This phenomenon, which is somewhat analogous to the
collapse of an electron of a discrete spectrum,12'13

causes shape resonances in the photoionization spec-
tra12 and in the scattering of electrons by atoms,9'14

suppression of the Auger electron emission,15 and the
appearance of a sharp peak in the bremsstrahlung
spectrum,16'17 among other effects.

Similar effects have been observed in the absorption
spectra of molecules and solids, but there the reasons
for the formation of the potential barrier are more
complicated and have received less study. The results
available in those cases have been put in systematic
form by Fano18 and Dehmer.19

In the present review we will discuss the effects of
the collapse and of the potential barrier in free atoms.
These questions have been the subject of only a single
previous review, ofnon-Rydberg effects in absorption
spectra.12 The lack of a really satisfactory systema-
tic classification of data on collapse in atoms is one
of the reasons why this effect has received compara-
tively little study and is sometimes neglected in re-
search on atomic spectra. Although collapse occurs
only for certain elements, for which the configuration

contains an excited electron with 1^2, or for a com-
paratively narrow interval of energies near the thresh-
old, it can have important effects in these cases,
changing various properties of the atoms. Collapse
therefore deserves the attention of both experimental-
ists and theoreticians.

In the following section we will give a general pic-
ture of the reasons for the formation of a two-well
effective potential and for the collapse of an electron
orbit. In Sec. 3 we will use the solutions of the Har-
tree-Fock equations to analyze the particular features
of the orbital collapse of various electrons and the
effect of the collapse on the one-electron and many-
electron properties. The subsequent sections will deal
with manifestations of collapse and of the potential
barrier in atomic energy spectra, in photoabsorption
spectra, and in the interaction of low-energy electrons
with atoms.

2. THE TWO-WELL EFFECTIVE POTENTIAL AND
COLLAPSE

a) Conditions for the formation of a two-well potential

Collapse has been studied primarily in the nonrela-
tivistic one-electron approximation with separable vari-
ables. The one-electron model is very graphic, and it
yields a qualitative, and frequently quantitative, ex-
planation for the basic aspects of collapse.

Let us assume that the wave function of an atom is
the antisymmetrized product of one-electron wave
functions with coupled spins and that a separation into
angular, spin, and radial parts can be carried out in
the one-electron wave functions. The angular one-
electron wave functions are the standard spherical har-
monics, and only the radial wave functions depend on
the properties of the particular atom. The behavior
of these radial wave functions is determined by the
effective potential"

(2.1)

where V(nl\r) is the potential of the electrostatic field
produced by the nucleus and the outer electrons, and
the second term in (2.1), which arises upon separation
of variables in the one-electron Schr5dinger equation,
corresponds to the classical centrifugal energy.

The potential is conveniently written as

F(nJ|r)=_!MH, (2.2)

where Z(nl\r) is the effective nuclear charge, which
generally depends on the distance from the nucleus.

In the hydrogen-like approximation, Z(nl\r) is a con-
stant:

Z" (nl | r) = Z — a (nl) , (2.3)

where Z is the nuclear charge and a(nl) is the screen-

and below, except where otherwise stipulated, the sys-
tem of atomic units is being used.
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ing constant. In this approximation, *(n/|r) always
has a single well.

If the effective potential is to have a more compli-
cated shape, with several wells, the effective charge
must depend on r: In a certain radial interval this
charge must vary as r~" (n ** 1), and in this case the two
terms in (2.1) can compete with each other.20

This condition is already met in the case of the
Thomas-Fermi potential.21 In the interval /i < r < 4/j
(ji «0.942"1/3) the Thomas-Fermi function r<f(y)/\i has
a broad maximum, and the effective charge in this in-
tegral can be approximated by20

(2.4)

The formation of the two-well potential depends on
the magnitude of the centrifugal term, which increases
quadratically with increasing I . The effective Thomas-
Fermi potential contains a positive barrier for elec-
trons with I & 3, and if the asymptotic form of this po-
tential is corrected by -2/r then it also contains a po-
tential barrier for d electrons.4'22

This condition is also satisfied by the (more accu-
rate) Hartree-Fock potential. If there is only a single
electron in the nl excited shell, the effective Hartree-
Fock charge found from the Hartree-Fock equations
for the average energy (HF-av) is given by23

Z H F (nZ| r ) = Z— y
(n'l'=tnl)

(2.5)

Here #„•,» is the number of electrons in the n'V shell,
and the integral function Y^(n'l' ,n'l'[r) describes the
screening effect of the n'l' electron on the nl electron23:

Y0(nl, nl\r) = \ P* (nl | rt) dr, + r f /•-'/
o r

(2.6)

Here P(nl\r) is the radial one-electron wave function,
and Yo(nl,nl\r) is a positive function which increases
monotonically from 0 to 1 as r increases.23 In prac-
tice, this function reaches a unit asymptotic value at
a distance from the nucleus equal to several times the
distance from the nucleus to the main peak in the wave
function.

The term Zn(nl r) stems from the exchange part of
the Hartree-Fock equation. The nonlocal exchange po-
tential is frequently approximated by the local statisti-
cal Slater potential23'24 (the Hartree-Slater potential;
a modification of it is the Herman-Skillman potential,25

which incorporates self-effects and gives the function
the correct asymptotic behavior. In those cases in
which a local potential is used in solving the Hartree-
Fock equations, it can be written in a local form for a
more graphic representation of the effective potential
by dividing the exchange term in the Hartree-Fock
equation by the solution of the equation [in cases in
which P(nl\r) has nodes, the potential is smoothed
over these points26]. The function Z"(nl\r) obtained
in this manner agrees well with its statistical approxi-
mation.27

The effective potential according to the Hartree-Fock

equations for the average energy is determined pri-
marily by the first two terms in (2.5). For configura-
tions with an excited core this approximation is some-
times inadequate, and, if so, the Hartree-Fock equa-
tions should be solved for each term23'24 (HF-t). In
this case, additional (algebraic) terms which depend
on the partricular (energy) term appear in the direct
and exchange parts of the potential and of the effective
charge. As we will show in the following section, the
term-dependent exchange part of the charge may also
be important in the formation of the potential barrier.

In the case of an electron with an orbital angular
momentum I > 2 a competition may arise among the
Coulomb attraction of the nucleus, the screening effect
of the other electrons, and the centrifugal repulsion in
a certain radial interval, with the result that a two-
well potential forms (Fig. 1).

At small values of r the effective charge approaches
a constant value Z(nl), and the behavior of <t(nl\r) is
determined by the centrifugal term, which prevents
electrons with I #0 from entering the nuclear volume.
With increasing distance from the nucleus the Coulomb
attraction becomes comparable to the centrifugal re-
pulsion, and a potential well forms. Because of the
increase in the screening of the nucleus by the inner
electrons, however, Z(nl\r) falls off rapidly with in-
creasing r, and at 1-3 a.u. the centrifugal term may
again become predominant; a potential barrier arises
and assumes small positive values.22 At large values
of r effective potential is determined by the Cou-
lomb potential with Z(nl\r)«l; an external potential
well of a hydrogen-like nature forms. Because of the
slow decay of the Coulomb potential, this well is wide
but shallow.

b) Energy levels and wave function in the case of a two-
well potential

Only Z"(nl r) depends on P(nl\r) in (2.5), so that the
potential for the excited electron depends only weakly
on the quantum number n, and $(nl\r) can be approxi-
mated as being the same for all series of excited states
with the same value of I but different values of n. [This
assumption becomes better as n increases; at small
values of n, the differences in $(nl\r) can sometimes
be important,28'29 especially if some of the wave func-
tions are collapsed, while other are uncollapsed.]

If the barrier were infinitely high the two wells would
have independent systems of energy levels. For a low
barrier there is a common system of levels, which
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are distributed between the two wells.2'30 Since the
inner well is narrow, it contains only a few levels,
perhaps none at all for certain values of Z. In this
case the principal maxima of all the wave functions of
the nl electrons (with a given value of Z) in the corre-
sponding configurations with this excited electron are
localized in the outer well, far from the nucleus.

As the nuclear charge increases, the inner well be-
comes deeper and broader. When this well acquires
an energy level below the ground level in the outer well,
there is a sudden displacement of the wave function of
the first excited electron of the given series to the in-
ner well. Consequently, an electron with n-l + 2 in
the corresponding configuration occupies a lower level
in the outer well; since this well is hydrogenlike, one
node of the radial wave function of the electron is shift-
ed to the inner well or to the barrier and becomes
similar to the uncollapsed function P(nl\r)(n = l + 1)
(Refs. 30 and 31). [If, in the calculation of P(nl\r)(n
= 1 + 2 ) , this wave function is not made orthogonal with
respect to the collapsed wave function P(nl\r)(n — l +1),
as is necessary when a variational method is applied
to an excited state, then even a node-free wave func-
tion may emerge as if it were a second solution for
P(nl\r)(n-l + 1) (Refs. 32 and 33).] During the col-
lapse of the wave function of the first state, any other
wave function in the given series P(nl\r) becomes
similar to the uncollapsed wave function P(n - ll/r)
near the outer well, and the quantum defect of the
series changes by one.30

Figure 2 illustrates the formation of the inner well
and the change of the effective barrier in the series of
neutral atoms. Since the centrifugal term depends
strongly on the orbital angular momentum of the elec-
tron, the barrier is considerably higher forf electrons
than for d electrons. The barrier height varies in a
nonmonotonic manner through the series of elements;
in the Herman-Skillman approximation the height is
greatest for Cu, Ag (or Pd), and Au, after the 3d, 4d,
and 5d shells, respectively, are filled.22 After these
elements, a shell with a value of n greater by one be-

gins to be filled, and the contribution of the new elec-
tron to the effective charge Y9(nl,nl\r) near the barri-
er is less effective in cancelling the unit increase in
the charge, so that the barrier is lowered.

c) Electron collapse in ions and atoms

The removal of an n'l' electron from an atom corre-
sponds to elimination of the corresponding term
r0(n'Z',n'Z'|r) from (2.5). Although the relaxation of
the wave functions of the other electrons partially can-
cels this increase in the effective charge, it still in-
creases over the entire range of distances during ion-
ization, especially in the asymptotic region (Fig. 3).
As the degree of ionization is raised, the curves of
Z(nl\r) and 1(1 + l)/2r intersect at only a single point.
The effective potential barrier in the isoelectronic
series thus lowers rapidly, becomes negative, and
disappears (Fig. 4). The lowering of the barrier upon
ionization of the atom becomes more pronounced with
decreasing average distance from the nucleus to the
electron which is removed [or as Y0(wZ,nl\r) near the
barrier approaches its asymptotic value]. Consequent-
ly, the electron collapse resulting from the existence of
a potential barrier can occur only in neutral atoms,
negative ions, and positive ions of low charge.

It has been suggested30 that the displacement of the
primary maximum of the wave function from the outer
well to the inner well should always occur abruptly,
i.e., that within the framework of the self-consistent
method it would not be possible to find a wave function
which had a substantial amplitude in both wells. As it
turns out, this view is correct only in the case of a
single excited electron with a large value of I in neu-
tral atoms, where there is a high postive potential bar-
rier. The characteristic example of this clearly de-
fined collapse is the change in the wave function of the
4f electron between Ba and La (Fig. 5).

If the potential barrier is only poorly defined, e.g.,
for an excited d electron or for an ion, the electron
collapse may occur gradually, over several atoms,34

or (for a given atom) upon an increase in the ionization

It S n 16 r-.au.

FIG. 2. Change in the effective potential for d and f electrons
as a function of the atomic number20 (the Herman— Skillman
potential).

0.1503 US Kl W » It I.CWS0

FIG. 3 The effective charge Z(4f\ r) for various degrees of
ionization in the isoelectronic series Xe I4d94f and the func-
tion27 1(1+ l)/2r (the Hartree-Pock potential for the average
energy).
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FIG. 4. Change in the effective potential *(4f|r) in the iso-
electronic series Xe I 4d94f (the Hartree-Fock potential for
the average energy).

potential (Fig. 6) or a change in configuration.6 In these
cases, a hybrid wave function may arise which is dis-
tributed in both wells and whose principal maximum has
two humps (Fig. 7). In this case, for Ba II, because of
differences in the effective potential 4>(wZ[r) (because
of its dependence on the radial wave function of the nl
excited electron), the wave function P(5/|r) is "pulled"
into the inner well more than P ( 4 f \ r ) . A two-humped
wave function for a 4f electron has also been found for
Cs I 4d94f2, in which case the excited shell has several
electrons.35

Even in cases without a potential barrier (for an elec-
tron with I » 2 in the field of an atom which is ionized
relatively strongly or for a p electron) near the atomic
number at which the given electron appears in the
basic configuration, there may be a comparatively
rapid change in the localization of the electron.38'37

This effect can be seen, for example, in the anomalous
change in oscillation strengths and in the positions of
the energy levels in the isoelectronic series as a func-
tion of Z (Ref. 38). In this case the contraction of the
wave function results from a change in the shape of
the well and from a lowering of an energy level in an
asymmetric well. It would hardly be possible to draw

0,1

FIG. 5. Collapse of a 4f electron between BaI6s4f and
LaI6s5d4f (Ref. 30). Solid curves—The potential 4>(4f|») (the
Hartree—Slater potential); dashed curves—the radial wave
function P(4f| r) (this function is drawn in linear scale; the
origin on this scale corresponds to the one-electron energy).

FIG. 6. Gradual contraction of the radial wave function of the
4f electron for Ba4d94f1P upon an increase in the degree of
ionization.8 The wave function is the solution of the Hartree-
Fock equations for each term. The curves are labelled with
the degree of ionization.

a definite boundary between gradual collapse in the
case of a poorly defined negative barrier, on the one
hand, and this contraction of the wave function, on the
other, so that if we take the term "electron collapse"
in a broader sense, as a rapid change in the electron
wave function, then this case would also be covered.

d) Calculation errors in the case of a collapsing electron.
Many-electron effects

In the case of critical equilibrium with a two-well
potential, even a slight change in the potential can lead
to a pronounced change in the localizations of the elec-
tron. Such a situation arises if the value of Z for the
given atom is approximately equal to the critical charge
2C (generally not an integer), at which there should be
a sudden displacement of the principal maximum of the
wave function from the outer well to the inner well.
Near Zc, serious difficulties arise in attempts to solve
the Hartree-Fock equations, and failure to observe
rigorously all the conditions on the wave function may
lead to nonphysical solutions. In such cases it will not
always be possible to obtain qualitative agreement with
experiment, even if certain many-electron effects
are taken into account (see Subsection 4c).

As the electron collapse becomes more abrupt, the
results calculated near Zc become more sensitive to
the particular approximation used, but the range of Z
over which the results depend strongly on the approxi-
mation becomes narrower. For an uncollapsed elec-
tron, correlation effects are comparatively slight—
because the wave function of this electron overlaps only
slightly with those of the core electrons. In excited
configurations with two unfilled shells a more impor-

FIG. 7. Radial wave functions of the excited nt electron for
Ba II, distributed in both potential wells29 (solutions of the
Hartree—Fock equations for the average energy).
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tant role may be played by the electrostatic interac -
tion, which depends on the term and which is usually
averaged over the terms in the course of solving the
Hartree-Fock equations. In such cases, the Hartree-
Fock equations for each term must be solved.

Comparison of the results calculated in the approxi-
mation of the Hartree-Fock equations for each term
with experimental data (Sees. 4 and 5) shows that this
approximation yields results which are qualitatively
correct, and in many cases quantitatively correct,
even at \Z -Ze\> 1/2 for elements of intermediate
weight and even for the lathanides. [Even for wave
functions distributed in both wells (Fig. 7) the Hartree-
Fock results correspond to the experimental data and
explain the anomalous features in the behavior of the
quantum defect and oscillator strengths.29) Only if Z0

is very nearly equal to an integer can large errors
occur. In such cases, great caution must be observed
in deriving and interpreting theoretical results. Com-
parison with experimental data usually yields a definite
answer, since electron collapse leads to pronounced
and characteristic changes in the atomic spectra. On
the other hand, the sensitivity of the wave function to
the particular approximation used near Zc can be ex-
ploited to evaluate the accuracy of the wave function.

A graphic representation of the potential barrier and
of the collapse of a one-electron wave function can be
found not only in the one-electron approximation but
also when certain many-electron effects are taken into
account. For example, in the expanded calculation
method which incorporates the radial correlation, each
electron in a shell of equivalent electrons is described
by a separate radial wave function; for a certain atom,
one of those wave functions may be collapsed while the
others are still localized in the outer wall. The concept
of a one-electron effective potential also remains valid
in the multiconfigurational approximation, but in this
case additional configurational terms appear in the
effective potential.24

The one-electron approximation and the effective
potential are not used explicitly in some correlation
methods, e.g., the method of incomplete separation of
variables,40 and the same is true in those approxima-
tions in which the wave functions of the initial and final
states of an atom are refined simultaneously. The
random-phase approximation with exchange (RPAE) is
a method of the latter type which is widely used in work
on the interaction of atoms with electromagnetic radi-
ation.20 l41'42 Below, we will look at some of the results
found by the RPAE method for the photoabsorption
cross sections, in which effects of the electron col-
lapse and the potential barrier can be seen (although
the collapse itself was not studied in those papers).
We cannot go into detail on the ideas behind this meth-
od (these ideas are set forth quite thoroughly in Refs.
41-43, for example), but we can summarize it by say-
ing simply that it uses perturbation-theory methods to
treat the dynamic polarizability of an atom subjected to
an external agent. Only certain types of diagrams,
which are important in the case of a dense electron gas,
are taken into account.

3. PARTICULAR FEATURES OF THE COLLAPSE OF
DIFFERENT ELECTRONS

Before taking up the effect of electron collapse on
various atomic spectra, we will put in systematic
form the theoretical results on the dependence of the
effect on the atomic number, the configuration, the
many-electron state, etc.

a) Configurations corresponding to excitation from an
outer shell

Table I shows which elements exhibit collapse of
various electrons if the core has a normal configura-
tion, i.e., if only one valence electron is excited. The
statistical method overestimates the values of Z at
which the abrupt change in the one-electron wave func-
tion occurs. The nonrelativistic Hartree-Fock method
and the relativistic Dirac-Fock method lead to values
in good agreement with experimental data found from
optical spectra.45 Significantly, the results calculated
by the nonrelativistic and relativistic methods differ
only slightly even at quite large values of Z.

According to Table I, collapse of an electron occurs
for an element which in the periodic table precedes an
element containing the given electron in a normal
atomic configuration. The increase in the binding en-
ergy upon collapse is not sufficient for the appearance
of this electron in the normal configuration, but already
for the following element the level in the narrow inner
well has dropped below the levels of other free one-
electron states.

The size of the centrifugal term in (2.1) and the bar-
rier height depend strongly on the orbital angular mo-
mentum of the electron; thus the gand f electrons have
the most clearly defined two-well potentials.30 The
angular momentum I also affects the position and mag-
nitude of the minimum of the outer well. Substituting
the asymptotic value of Z, which is equal to the degree
of ionization J, into (2.1)-(2.2), and equating d$(ril\r)/
dr to zero, we find

Til min =

(3.1)

In the neutral atom (</ = 1) the minimum of the outer well
thus lies at 12 a.u. for the f electron, while the wave
functions of the core electrons reach out essentially
to only 5-6 a.u.; in other words, the outer well has a

TABLE I, Atomic numbers of the elements for which the excit-
ed d, f, and g electrons collapse if the core has a normal con-
figuration.30-44

Method

nl:
3d
4d
5d
4f
(id
5f
7d
6f
5S

Thomas-Fermi

27
45
71
69

>92
>92

Hartree

21
38
56
58
88
90

Hartree-
Fock

20
38
56
57
88
89

120
120
121

Dirac-
Fock

88
90

120
122
124

Experi-
mental4 s

20
38
56
57
88?
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clearly defined hydrogen-like nature. During the col-
lapse of the 4f electron, the average distance from this
electron to the nucleus decreases by a factor of about
15, while the binding energy increases by nearly an or-
der of magnitude (Fig. 5). As Z is increased further,
the 4f shell is compressed only slightly more rapidly
than the outer 5s, 5p, and 6s shells, and the binding
energy of the 4f electron remains lower than that of the
5s electron all the way to the middle of the sixth row
of the periodic table.30

Even more pronounced changes occur during the
collapse of a 5g electron. The average radius of its
orbit is about 25 a.u. for Z= 120, while for Z = 121 it
is only 0.8 a.u. (Ref. 44). There is also a collapse of
7d and 6f electrons for adjacent elements, so that the
elements with 2 = 120-125 apparently have rather com-
plicated electronic configurations, containing compet-
ing 8p, 7d, 6f, and 5g electrons.44

For the d electron the minimum of the outer well is
at only 6 a.u., and the collapse of this electron Leads to
much smaller changes in the average distance and bind-
ing energy of the electron (Fig. 8). In the following
elements the binding energy of the nd electron becomes
smaller than that of the (n + l)s electron. In the case
of the d electron the shape of the barrier and the par-
ticular features of the collapse are highly sensitive to
the shell structure of the atom.30

For / = ! the centrifugal term is not sufficient for the
formation of a potential barrier in the case of neutral
atoms or positive ions.22'30 On the basis of the depen-
dence of the effective charge on the degree of ioniza-
tion (Fig. 3), however, it may be suggested that a
small positive potential barrier may arise even for
a/> electron in negative ions, and this event would be
manifested in certain properties of the negative ions.

The excitation of an electron corresponds to an in-
crease in the effective nuclear charge, so that in a
configuration with an inner vacancy electron collapse
occurs at a value of Z smaller than for collapse in a
configuration with a normal core.28'46'47
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b) Configurations of the type n/4/*V/+1. TheHartree-
Fock average energy approximation

We will discuss in more detail the collapse of d and f
electrons in excited configurations of the type nl4ltll + 1,
which are important in the interpretation of photoab-
sorption spectra. Furthermore, the collapse has sev-
eral interesting features in this case.

In an isoelectronic series electron collapse occurs at
a lighter element than in the series of neutral atoms.
For the 3p5 3d configuration the d electron collapses in
the potassium atom rather than in the calcium atom
(Table I).3 The potential barrier for the d electron in
the ion is low, so that the contraction of the wave func-
tion occurs gradually, over several elements, as is
illustrated by the change in the average distance from
the 3d electron to the nucleus, F3d, in Fig. 9.

During the collapse of the 3d electron there is a sub-
stantial increase in the overlap of the radial wave func-
tion P(3d|r) with the wave function of the 3p electron.
This effect increases the electrostatic interaction be-
tween these shells: The basic integrals of the direct
interaction [F2(3p,3d)J and of the exchange interaction
[G,(3p,3d)] increase by two orders of magnitude (Fig.
10). There are similar changes in the same integrals
when determined by a semiempirical method.3 During
the collapse of a 3d electron there is also a significant
increase in the spin-orbit interaction constant i}(3d),
but at low degrees of ionization this constant remains
much smaller than 7j(3p), which does not undergo an
abrupt change. The collapse of the 3d electron in the
isoelectronic series 3p5 3d thus increases the impor-
tance of the electrostatic interaction in comparison
with the spin-orbit interaction.

In this series there is also an anomalous change in
the integral of the dipole transition (3p \r \ 3d), whose
magnitude also depends very strongly on the overlap of
the 3p and 3d wave functions (Fig. 11). As we go from
Arl to KII the integral approximately doubles in mag-
nitude and begins to decrease monotonically, in the
manner typical of an isoelectronic series. On the other
hand, the integrals of the transitions of the 3p shell to
the 4d and 5d shells show almost no effect of the elec-
tron collapse; varying monotonically, they pass through
zero, giving rise to the Cooper minimum in the photo-

FIG. 8. Collapse of the wave function of a 3d electron between
KBd and CaI4s3d (Ref. 3). Solid curves—effective potential
(Hartree-Slater potential); dashed curves—radial wave func-
tion (the radial wave functions are drawn as in Fig. 5).

oat TUT wa fair nor

FIG. 9. Change in the average distance from the 3p and 3d
electrons to the nucleus in the argon isoelectronic series
3p53d and change in the average distance from the 4s electron
to the nucleus in the series 3p54s3. These results were found
from the solutions of the Hartree-Fock equations with the
Hartree— Slater potential.
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FIG. 10. Changes in the electrostatic-interaction integrals
and in the spin-orbit interactions constants tn the isoelectronic
series ArI3p53d during collapse of the 3d electron.3 These
results were found from the solutions of the Hartree— Fock
equations with the Hartree-Slater potential.

absorption spectrum.26

The collapse of a 4f electron in the isoelectronic
series XeI4d"4f with the solutions of the Hartree-
Fock equations for the average energy was studied in
Ref. 27. In this case the one-electron and many-elec-
tron values show even larger jumps.

c) Configurations of the type/j/*/+1/7'/ + 1. Dependence
of the electron localization on the particular term

The results described above for the wp5w'd configu-
rations were derived from a potential which ignores
those (algebraic) terms which depend on the (energy)
term. The incorporation of this dependence in the po-
tential and in the radial wave functions for configura-
tions of this type leads to important refinements, es-
pecially for the 'p term.6'34'48'49

The 'P term is a special one in the nltttln'l + 1 con-
figurations in two respects. First, in the expression
for the energy of this term the coefficient of the main
exchange integral G^nltn'l + 1) takes on a large posi-
tive value. Accordingly, if the electrostatic interac-
tion between the unfilled shells is stronger than the
spin-orbit interaction, the *P level is a high-lying en-
ergy level of this configuration, positioned far from
the main group of levels. Second, in the case of LS
coupling a dipole transition from a filled shell can go
only to the 'P( level (with an intermediate coupling,
there could also be transitions to the 3P( and *Dt levels,
because of their mixing with 'PI).

2.0

fvi caw nr

FTG. 11. Change in the integral of the dipole transition
3p6— Sp^d (n=3-5) in the isoelectronic series ArI2ps«d3.
Solid curves—Calculated with the Hartree-Slater potential;
dashed curve—solutions of the Hartree-Fock equations for the
average energy. The curves are labelled with the final state,
nd.

Since the exchange interaction between unfilled shells
is positive, so that the entire exchange term is posi-
tive in a certain range of distances from the nucleus,
we would be led to believe that this interaction could
not be approximated by a statistical potential. The
solutions of the Hartree-Fock equations for each term
have been used in studying the term dependence of the
wave functions of these configurations.

The large exchange (algebraic) term for the 'p (en-
ergy) term leads to an important increase in, or to the
appearance of, a positive potential barrier at 0.7-1
a.u., i.e., in a region where this energy term makes
its maximum contribution to the effective potential.8'36

For Ar3p53d, for example, *(3d'p!r) has a high
barrier, with a height reaching 0.7 a.u., and only a
small inner well (Fig. 12a), while for the 3P term, as
for other terms of the main group, there is only a low
negative barrier, and the inner well has a minimum in
the region of the positive barrier for 'p. Consequently,
the radial wave functions of the 3d electron for these
many-electron states are quite different, although both
wave functions correspond to an uncollapsed electron.

As we go from Arl to KI the maximum of the radial
wave function P(3d LS|r) shifts into the inner well for
all the terms except 'P (the barrier essentially disap-
pears; Fig. 12b). The value of r3d(

1P) decreases by 1.7
a.u., but the wave function does not collapse. The
nature of the one-electron radial wave function here is
determined by the many-electron quantum numbers:
The radial wave function is localized in different po-
tential wells for different terms of the same atom.
As a result, the binding energy of the 3d electron, the
electrostatic-interaction integrals, the dipole-transi-
tion integral, the constant Tj(3d), and other quantities
show an anomalously strong dependence on the term34

(for the 'p and 3P terms, the differences in these

f, a.u.
ma

0.5
=>.n

I o
<&•

-0.5

-1

-IS

FIG. 12. Term dependence of the collapse of the 3d electron.
Dashed curves—The radial wave function P(3d LS| r); solid
curves—the effective potential *(3d LS| r) for various terms,
a) ArI3p53dLS; b) KI3p53dLS4s. An average is taken over the
electrostatic interaction with the 4s electron in the Hartree—
Fock equations for each term for KI (these results were ob-
tained by S. I. Kuchas).
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properties are of roughly the same magnitude as the
average values for Arl and KII; Figs. 9-11).

The 3d electron in the 'P state does not collapse even
for Cal, although its average distance from the nucleus
decreases to 6.4 a.u. (Fig. 13a).

Even more gradual is the contraction of the wave
function of the 5d electron in the 5p5 5d configuration
(Fig. 13b), because there is no positive potential bar-
rier (there is a low negative barrier only for the 'p
term30).

There is a strong dependence on the many-electron
quantum numbers in the case of the clearly defined
collapse of a 4f electron for the 4d9 4pconfiguration,
especially for neutral atoms.6'8

In the case of Xel the difference between the effective
potential in the barrier region for 'p and the other
terms [the exchange interaction causes a high hump
to appear in *(4f'p|r) at the barrier; this hump reach-
es a height of 1.8 a.u.] does not lead to important dif-
ferences between the uncollapsed radial wave functions;
they are hydrogen-like for all terms.8

Collapse of the 4f electron in the Hartree-Fock aver-
age energy approximation occurs at Ba. When the
solutions of the Hartree-Fock equations for each term
are used, the wave function for the 4f electron for the
lower term of 3P collapses no later than Cs (Fig. 14),
while its localization in the 'p state remains nearly
the same. The average distances from the 4f electron
to the nucleus in the two states differ by a factor of 17
(Table II).

The comparatively large value of r4{, even for the
cesium ion, shows that the 4f electron is still localized
in the outer potential well for most of the Csl terms.

In the state corresponding to the 'P term the 4f elec-
tron remains far from the nucleus for the following
elements (Ba and La), also. On the other hand, the 4f
electron in the states of the lower group of terms has

FIG. 13. Dashed curves—Change in the average distance from
the 3d and 3d electrons to the nucleus upon the collapse of
these electrons in the wp5nd configuration in the series of
neutral atoms; solid curves—the same, in the isoelectronic
series (after Ref. 34). The curves are labelled with the
degree of ionization and the terms np nd. An average is taken
over the interaction with the other vacant shells.

FIG. 14. Localization of the one-electron wave function in
various potential wells for various many-electron states of
the atom.8 CsI4d94f(LS)6s (an average is taken over the
interaction with the 6s electron). Solid curves—the effective
poteintal *(4fLS|r); dashed curves—radial wave function of
the 4f electron. The curves are labelled with the terms.

already collapsed, as is shown by the value of r4f ob-
tained in the solutions of the Hartree-Fock equations
for the average energy. Interestingly, for barium the
function 4>(4f'p|r) is complicated, with three wells
(Fig. 15). The two barriers are generated by different
factors: The barrier closer to the nucleus results
from the positive exchange term, while the other re-
sults from the centrifugal term. The integrals of the
electrostatic interaction between the 4d and 4f shells,
the dipole-transition integral, and the spin-orbit inter-
action constant of the 4f electron increase by two to
five orders of magnitude during the collapse of this
electron, while in the case of 'p they retain the values
characteristic of Xel (Table II). The term dependence
of the binding energy of the 4f electron is not as pro-
nounced. In the case of singly charged ions the collapse
of the 4f electron in the 1P many-electron state occurs
more gradually, from Cs to Ce. The change in P(4f'P|
r) with increasing degree of ionization is shown for
barium in Fig. 6.

In summary, the use of the solutions of the Hartree-

TABLE II. Effect of the localization of the 4f electron on var-
ious atomic properties as a function of the 4d94f term8 (in
atomic units).

Atom or ion

Xel

Cs]

Csl I

Bal

Ball

Lai

Term; average
energy

»D
'P
3P

Av.
*P
3D
,ip
Av.
'P
3D
Av.
'P
up
Av.
IP
sp
Av.
'P
'P
Av.

rtt

(8.0
17.9
17.9
18.0
17.6
17.6

1.4
17.6
8.6
2.0
6 8

17.5
1.1
1.2
7.5
1.1
1.2

17.5
1.0
1.0

EK

—0.031
-0.031
-0.031
— 0 031
-0.032
-0.032
-0.168
—0.032
-0.128
-0.196
-0.135
- 0.032

- -0.559
-0.382
— 0. 135
-0.752
-0.575
-0.032
-0.885
—0 692

Gi ( id, I f )

6 • 10-»
1 • 10-"
1 . 10-'
6-10-'
4-10-«
7-IO-*
0.457
7-10-5

4-10-1

0.336
0.046
2-10-s
0.554
0.515
0.003
0.554
0.516
3-10-5

0.611
0.586

n ( 4 ( ) . I0«

0.001
0.001
O.U01
0.001
U.001
0.004

17.9
0.003
0.018

12.4
0.159
0.002

20.6
24.0
0.095

26.6
24.1
0.002

35.1
33.0

(*4| i - l 4 f >

—0.005
-0.003
-0.006
-0.005
-0.004
-0.013
-0.816
-0.12
-0.042
-0.729

- -0.285
-0.007
•-0 807
-0.796

-0.086
-0.807
-0.796

—0.009
—0.779
-0.777

Note. For Csl, Ball, and Lai the functional £(4d94f(iS)«Zi'S')
and the Hartree-Fock potential for each term are averaged with
with respect to the resulting L'S' term.
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FIG. 15. Effective potential with three wells.50 BaI4d84f. Solid
curves—Effective potential for the *P term; clashed curve—
the function *(4f | r) determined with the solutions of the
Hartree-Fock equations for the average energy.

Fock equations for the average energy in the case of
the configuration nl4ltln'l + 1 with a collapsing excited
electron can lead to large errors, while the Hartree-
Fock approximation for each individual term leads to
agreement between the experimental data and the re-
sults calculated by more accurate methods, as we will
see in the following sections.

d) Abrupt change in the scattering phase shift upon
electron collapse

The quantum defect for the Rydberg series, tit, de-
pends on the energy of the excited state near the ioni-
zation threshold and can be extrapolated beyond the
threshold into the continuum.50"52 Here it is related
to the phase shift of the single-channel free-electron
wave function, 6,(e), at e = 0 by

6,(0) = (3.2)

This relation indicates a strong connection between
the positions of the discrete energy levels in the atom
and the results on the elastic scattering of electrons by
atoms, and it is widely used for a semiempirical deter-
mination of the scattering phase shifts ,52

When the quantum defect of the series changes
abruptly upon collapse, the scattering phase shift given
by (3.2) should also change abruptly. .As the potential
barrier rises, the jump in n, approaches unity, and
the change in 5,(0) approaches tr. According to Levin-
son's theorem,53 6,(0) is equal to the number of bound
states multiplied by -n [if we assume 6,(°°)=0]. The
abrupt increase in 6,(0) by an amount TT thus results
from the appearance of a new discrete level in the in-
ner well.

e) Resonant penetration of the wave function of a free
electron into the inner part of an atom

An effective potential containing an inner well bound-
ed by a barrier raises the possibility of abrupt change
in the wave function of not only a bound electron but
also a free electron which is moving in the field of the
atom. In such a well, aside from the discrete one-
electron levels, there may be levels with a positive
energy. When the energy of the free electron is rough-
ly equal to the energy of such a level the electron is

captured by the well and forms a quasistationary state
or resonance with the atom. The resonances which
arise in the single -channel elastic scattering of elec-
trons by atoms are called "shape resonances" : They
can occur only if the effective potential has a well of
spherical shape bounded by a barrier as described
above.9'11

Shape resonances have been studied in detail in po-
tential-scattering theory9'53'64; their existence is attri-
buted to zeros of the Jost function on the complex plane.
Here, however, little use has been made of the graphic
concept of an effective potential or of the correspon-
dence between the shape of the barrier and the well, on
the one hand, and the behavior of the wave function at
the resonance energy, on the other, particularly with
regard to the penetration of the free -electron wave
function into the inner part of the atom. It is the be-
havior of the wave function in this region which is im-
portant in calculating the probabilities for Auger tran-
sitions and photoionization cross sections. In a study
of their features near the threshold, also resulting
from the existence of quasistationary levels in the in-
ner well, the usual approach is to work from the pro-
perties of the effective potential.12'14 These approach-
es can apparently be mutually complementary, we will
accordingly examine the resonance penetration of the
wave function of a free electron into the inner part of
an atom.

Shape resonances arise during the scattering of an
electron by an atom when the orbital angular momen-
tum of the free electron satisfies I > 1 (Refs. 9 and 53).
A potential barrier may also exist in the case of p
electron, since the electron scattered by the atom is
moving in a field which corresponds to a negative ion
in the case of an electron from the discrete spectrum.
The outer well is then poorly defined or absent alto-
gether, and the scattering is determined primarily by
the inner well and the barrier.

Let us assume that the single-channel wave function
P(tl\r) is the solution of the Hartree-Fock equations
with the following asymptotic condition at infinity:

P(el\r)— (3.3)

If, instead of the boundary condition at infinity, we
require that the radial wave function behave in the lim-
it r - 0 in the same was as the solution for free motion
with V = 0, then we find a regular solution53 with the
asymptotic behavior

P(sl\r) >\J,(k)\ (3.4)

where J^(k) is the Jost function.53

A resonance corresponds to a zero of the Jost func-
tion near the real axis on the complex k plane.9'53 If
the inner well becomes deeper, this zero moves
across the fe = 0 axis into the upper half-plane: The
resonance disappears, and a bound state appears.
This situation corresponds to that in which a level
with a positive energy in the inner well moves into the
negative energy region as the well becomes deeper.
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The probability for finding a particle in the inner part
of the atom, divided by the corresponding probability
in the absence of interaction forces, is expressed in
terms of the reciprocal of the square modulus of the
Jost function54:

\P(el\r)\- (3.5)

In the case of resonance, the point k, at which J(k)
= 0, lies near the real axis, and near this point the
Jost function can be approximated by a series expan-
sion in which only the first term is retained53:

Since fe is on the real axis, and k = HR + iklt we find

" (3.7)

(3.8)

|P(el|r)|! r-7*1. d e j - (e _,,,.)» +(f/2)« •

The lifetime T of the quasistationary state is related
to I by r-l/r.

Near the resonance, the phase shift, which is equal
to minus the argument of the complex quantity J i ( k ) ,
;„»

) —arct(j
r/2 (3.9)

where 5°,(£) is the background phase shift, a weak func-
tion of the energy. If this background shift is zero,
6,(e) changes by -n when E passes through the value er.
Here the wave function P(tl r), according to (3.7),
abruptly penetrates into the inner part of the atom:
The node of this function crosses the barrier into the
inner well.14 The penetration of the barrier of P(tl \r)
occurs more sharply, the larger the orbital angular
momentum of the electron, since the imaginary part
of the Jost function varies as fe2'*1 at small k. In other
words, as the potential barrier increases (with in-
creasing 0 the lifetime T of the resonance state in-
creases, the resonance width r correspondingly de-
creases, andP(E?|r) penetrates the barrier more
rapidly.

As £ moves away from cr, the probability density of
the wave function in the inner part of the atom, ac-
cording to (3.7), should again decrease, but the non-
resonance penetration of P(tl r) into the inner well
increases because of the rapid increase in the pene-
trability of the barrier. There is thus some analogy
between the collapse of the free-electron wave func-
tion upon the appearance of a discrete spectrum in the
inner well and the penetration of the free-electron wave
function into the inner well, when the energy of this
electron approaches that of a quasistationary level.

These conclusions generally remain valid for a free
electron moving in the field of an ion (this statement
includes the cases of photoelectrons and Auger elec-
trons).

The resonance penetration of the radial wave function
into the atom can be illustrated by the results calculat-
ed for P(zl \ r ) for krypton (Fig. 16). A t e = 0, because
of the potential barrier, P(e/|r) penetrates only slight-

FIG. 16. Penetration of the wave function of a free electron,
P(Ef|r), into the inner part of the atom as the energy e is in-
creased.10 Solutions of the self-consistent field equations
with the Hartree-Slater potential for krypton. The curves
are labelled with the free-electron energy. Also shown here
is the radial wave function of the 3d electron.

ly into the inner well, and its overlap with the radial
wave function of the 3p shell (from which the photoelec-
tron is emitted) is only slight. When E reaches the
energy of the resonance state, the amplitude P(e2|r)
increases sharply in this region.

If E is approximately equal to er) the function P(zl\r)
in the inner well becomes similar to the wave function
of the discrete level which should form in the inner
well as it becomes deeper.12l31r5° For example, the
wave function P(tf\r) near the resonance for xenon and
the lanthanides is reminiscent of the collapsed wave
function12'55 P ( 4 f \ r ) , while that for uranium and thori-
um is reminiscent of56'57 P(5/|r). For a wave function
of this type, which describes a "resonantly localized
continuum state," the notation P(n,tf\r) has been sug-
gested.12 '50

Even when the dependence on the many-electron quan-
tum numbers of the system is taken into account (the
solution of the Hartree-Fock equations for each term),
the single-channel Hartree-Fock wave function P(d\r)
is a comparatively crude approximation for studying
the resonances in the elastic scattering of electrons by
atoms: Many-electron effects are important in both
the continuum and the discrete spectrum of negative
ions. More accurate results can be found when P(tl\r)
is used to calculate the probabilities for Auger transi-
tions [in this application, P(tl\r) and even some simp-
ler approximations of this wave function are used in
most studies58] and also, to a lesser extent, to calcu-
late the cross sections for electron-impact photoioni-
zation and ionization of atomic subshells.

4. EFFECT OF ELECTRON COLLAPSE ON THE
ARRANGEMENT OF ENERGY LEVELS

a) Anomalous change in the quantum defect as a function
of the atomic number and the energy

Study of the collapse of an excited electron has yield-
ed explanations for the abrupt changes in the quantum
defect of the spectral series as a function of the atomic
number which occur before the beginning of the group
of transition elements and the group of rare earths.45

As mentioned in the preceding section, the uncollap-
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FIG. 17. The effective quantum number «* of the d electron as
a function of the atomic number.30 1—Theoretical values
(calculated with the Hartree-Slater potential); 2—experimen-
tal values, found as the difference between the average ener-
gies of the corresponding configurations of the atom and the
ion.46

sed wave function is hydrogen-like for a two-well po-
tential, and in the transition of the lower level from the
outer potential well to the inner well the quantum defect
of the series, y.,, or the effective principal quantum
number of the uncollapsed electron of this series,

(4.1)

(Jni is the binding energy of the electron), should
change by approximately one, taking on integer val-
ues ,22'30

The binding energies calculated with the Hartree -
Fock potential, with relativistic effects incorporated
in first-order perturbation theory and with the corre-
lation corrections from the statistical model, agree
well with experimental data (Figs. 17 and 18). In the
case of an f electron, in which the outer well is quite
far from the core, the effective quantum number
changes by precisely one, while in the case of an ex-
cited d electron the jumps are less clearly defined,
and «* depends strongly on the order in which the val-
ence shells are filled.30'39 The abrupt change in the
binding energy corresponds to the atomic numbers list-
ed in Table I.

A similar jump in the quantum defect occurs during
electron collapse in an isoelectronic series.3

For the Rydberg series of a given element the quan-
tum defect is usually a weak linear function of the ex-
citation energy.5!l52 If the first term of the series is
described by a collapsed wave function, while the
others are described by uncollapsed hydrogen-like
wave functions, the quantum defect for the first term
is very different from that for the others.59'68 In the
case of a poorly defined barrier there is a rapid non-
linear change in the defect over the first few terms of
the series.47'61'e2

An anomalous change in the quantum defect and also
in the doublet splitting and the spectral density of the
oscillator strength, d//d£, has been observed for 5d
-nf transitions in singley ionized barium61 (Fig. 19).
This change has been explained qualitatively by Har-
tree-Fock calculations of the radial wave functions

SO 58

FIG. 18. Effective quantum number n* of the f electron as a
function of the atomic number.30 The notation is the same as
in Fig. 17.

P(nl \r), which have turned out to be distributed in a
complicated way between the inner and outer wells29

(Fig. 7). These calculations confirmed the possibility
that the spin -orbit splitting for the 5f electron could
be larger than that for the 4f electron, although the
value found in the latter case turned out to be too low
(Fig. 20). The different overlaps of P(5d|r) with the
wave functions P(nt \r) and the cancellation of the posi-
tive and negative contributions to the dipole -transition
integral (5d|r|nf ) can explain the anomalous behavior
of the spectral density of the oscillator strength, which
has a minimum at « = 5 and which reaches a maximum

b) The coupling paradox

Electron collapse may be responsible for an anoma-
lous change in the type of coupling within an isoelec-
tronic series. As the degree of ionization increases in
an isoelectronic series the coupling ordinarily ap-
proaches^' coupling: The spin-orbit interaction in-
creases in proportion to Z*(ril), while the electrostatic
interaction increases only in proportion to Z(nl). As
we saw in the example of the P8d configuration (Fig.
10), however, collapse leads to an opposite effect: an
increase in the importance of the electrostatic interac-
tion. This conclusion can be generalized to arbitrary
configurations of the type njZf'n^j with a collapsing
«2/2 electron. When the collapse occurs, the electro-
static interaction between the unfilled shells should
increase because of an increase in the degree of over-
lap of the radial wave functions P(ni^ \r) and P(nzl2\r),

FIG. 19. Dashed curve—Anomalous change in the quantum
defect of the nf electron in Ba II; solid curve—spectral density
of the oscillator strength d//dE for the transitions 5d — nf
(Ref. 14). Experimental data from Ref. 61. Here £ is the
level energy reckoned from the ionization limit.
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FIG. 20. Spin-orbit splitting of the energy of ni states in
Ba II (Ref. 29). Open circles—experimental61; filled circles-
calculated with the Hartree-Fock potential.

while the spin-orbit interaction, determined primarily
by the constant ^(n^) for a deeper shell, does not
change abruptly during the collapse of the n2l2 electron.

Figure 21 illustrates the change in the applicability
of the four basic types of coupling (LS,LK,jj JK) in the
isoelectronic series 3p53d and 3p54d with a collapsing
nd electron. The square root of the largest weight fac-
tor in the expansion of the wave function of the given
level in terms of the wave functions for pure types of
coupling is adopted as a measure of the purity of the
coupling. This quantity is averaged over all the levels
of the given configuration. During electron collapse,
the LS coupling becomes predominant (3p53d), or
merely its applicability improves (3p54d). Further
along in the isoelectronic series there is a regular
tendency toward jj or jK coupling. A similar tendency
is observed when the semiempirical values of the radi-
al integrals are used. These results explain the so-
called coupling paradox which has been observed ex-
perimentally.63

A nonmonotonic change in the type of coupling has
also been predicted theoretically for the isoelectronic
series KrI4p54d, Xel5p55d, and SiI5p54f3.

c) Expansion of the energy spectrum and mixing of
configurations

In configurations of the type n/4M«Z + 1 with a collap-
sed nl + 1 electron the width of the energy spectrum is

FIG. 21. Effect of the collapse of a d electron on the type of
binding in the 3p53d and 3p54d3 configurations. The isoelec-
tronic series of argon. Curves—Results calculated with the
Hartree—Slater potential; points—results calculated with
semiempirical values of the integrals found by the method of
least squares from the experimental energy levels.

large and may exceed 20 eV, because of a strong elec-
trostatic exchange interaction between unfilled shells,
especially in the !P, state.8 Regarding the use of the
solutions of the Hartree-Fock equations for the aver-
age energy, it has been suggested64 that the 1P, level
may be pushed out into its own continuum; this sugges-
tion has been used to interpret photoabsorption spec-
tra65'66 and has been the subject of an extensive de-
bate.7'12'31'67 The use of the solutions of the Hartree-
Fock equations for each term has shown that the wave
function of the 4f electron for the *P term does not col-
lapse, and this is true not only for Ba but also for La
(Table II). In this more accurate approximation the 4d9

4f 'PI level lies below 4d9 nl 'Pt (n> 4) and even further
below 4d9 ef 1P1 (Refs. 7, 31, and 68). Incorporation of
the time dependence in the radial wave functions for the
MZ4'*'n'Z -i-1 configurations makes it possible to elimi-
nate the substantial discrepancies between the experi-
mental and the average-energy Hartree-Fock positions
of the 'P( level.8'34'49 For such configurations with a
collapsing electron, attempts to calculate the spectra
by a semiempirical least-squares method with a single
set of parameters also fail.

There is also a strong term dependence in configura-
tions of the sp type.36'37 Although the wave function for
the p electron does not collapse, as the wave functions
for the d and f electrons in ions do, it is significantly
compressed in the elements preceding the beginning
of groups with a p shell which is being built up.

During electron collapse there are changes in the
energy differences between configurations; a decrease
in this difference can lead to a pronounced configura-
tion mixing.12 During the collapse of the nd electron
in Cal(n = 3), Srl(n = 4), and Bal(n = 5) the energy
difference between the nd(n + l)s and (n + l)s2 configu-
rations is only 1-3 eV. The np5 nd and np5 (n + l)s
configurations in KII, Rbll, and CsII move even clos-
er together.45 A pronounced mixing of core configura-

^ (.:?

7851

FIG. 22. Spectrum of absorption in the 5p shell of barium
vapor.69 The relative importance of 5p56s2 2P in the decom-
position of the wave functions of the various series was found
by a multiconfigurational relativistic calculation.69
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tions can be responsible for the appearance of addi-
tional Rydberg series corresponding to two-electron
transitions.12 In the photoabsorption spectrum from
the 5p shell of barium,69'70 for example, instead of the
four series converging to the two limits 5p5 2Pi / 2 and
5p52P3/2 there are 14 series, which converge to 12
limits (Fig. 22):

5p66s2-*5P
5(6s2 + fis5d-|-5d2)2/>l/2. 3/2(ns + nd). (4.2)

Calculations by the RPAE method predict one giant
absorption resonance in this spectrum.42 In certain
critical cases, therefore, even the partial incorpora-
tion of many-electron effects does not guarantee a
qualitative agreement with experiment.

5. FEATURES OF ATOMIC ABSORPTION SPECTRA
CAUSED BY THE POTENTIAL BARRIER AND
ELECTRON COLLAPSE

a) Disappearance of the Rydberg series and shift of the
absorption edge

The absorption spectrum corresponding to absorption
in an inner shell of a free atom typically has a broad
photoionization maximum, abutted on the low-energy
side by several Rydberg lines which correspond to
transitions to discrete levels. The absorption corre-
sponding to transitions to highly excited levels merges
with the photoionization spectrum and forms a sharp
absorption edge; the absorption coefficient then falls
off monotonically, approaching a hydrogen-like asymp-
totic behavior at high energies. Absorption in the nl
shell can occur by two channels, tl -1 and sl + l, but
the eZ + 1 channel is usually predominant.20

If there is a barrier in the effective potential for the
nl + 1 electron, and all the wave functions P(nl + 1 \r)
with different values of n are localized in the outer
well, far from the atomic core, then the overlap of the
wave functions P(nl \r) and P(n'l + 1 \r) is slight, and
the probability for excitation to the discrete levels
n'l + I is small. As a result, the Rydberg series dis-
appears from the absorption by the nd or ni shells.12'20

In the case of absorption by an np shell, the overlap of
P(np|r) with the uncollapsed wave function P(n'd\r) is
not slight, and there may be a "through-the-barrier"
excitation, as is observed, for example, in the ab-
sorption spectra of 2p and 3p shells of Cal (Refs. 28
and 46).

The existence of a potential barrier also leads to the
shift of the absorption edge into the continuum.20'" The
wave function P(cl + 1 \r) overlaps slightly with P(nl \r)
at small values of e (Fig. 16), and only when e ap-
proaches the energy of the positive level in the inner
well does this wave function suddenly penetrate into
the atomic core, leading to the appearance of a reso-
nance in the absorption spectrum. A shift of the ab-
sorption edge is observed in the absorption spectra of
several elements, by an amount reaching several tens
of electron volts. This shift was discovered in the N4l5

absorption spectrum of Xel (Refs. 72 and 73), and it
•was later observed in the absorption spectrum of the 2p
shell of Ne and Ar; the 3d shell of Kr, Rb, Sr, and Cd;
etc. (see the reviews in Refs. 12 and 20). Two absorp-

tion edges, shifted by different amounts, may arise
upon absorption in the nf shell; these two edges would
correspond to transitions to the channels cd and eg
(Refs. 20, 74, and 75).

Figure 23a shows results calculated in the one-elec-
tron approximation for the partial cross section a3d.£,
for several elements. This cross section exhibits a
shifted absorption edge. The cross section o-3d,EP, on
the other hand, reaches its maximum right near the
ionization threshold (Fig. 23b). For xenon, cr3d.E, and
thus a3d have a sharp resonance according to the one-
electron calculations. The experimental spectrum,
however, exhibits a rather rounded absorption maxi-
mum.76 A more accurate calculation by the RPAE
method with many-electron effects leads to good agree-
ment with experiment.77 Consequently, when the quasi-
stationary one-electron level lies right at the threshold
(as is indicated by the sharpness of the resonance) the
one-channel calculations can lead to large errors. In
general, many-electron effects tend to smooth the
resonance peaks in the photoionization spectra.41'77

In the spectrum corresponding to absorption by the
nl shell (n > I -t- 1), a minimum may appear near the
threshold, and there may be a subsequent increase in
the ionization cross section, again because the dipole-
transition integral crosses zero and changes sign (Fig.
11). This effect may distort the effect of the barrier,
so that the effect is seen most clearly in the absorption
spectra of the 3d and 4f shells (n-l + I ) , where the
Cooper minimum does not appear.

b) Change in the relative intensities of photoionization and
absorption

Upon the collapse of the radial wave function of an
nl + 1 electron there is a marked increase in the di-
pole-transition integral (see Fig. 11 and Table II) and
thus in the probability for excitation to the first vacant
discrete level. As a result, there is a change in the
relative intensities of ionization and absorption in the

a)

FIG. 23. Photoionization cross sections, a—with a potential
barrier; b—without a potential barrier.10 Results of a one-
electron calculation with the Hartree-Slater potential: a) The
partial cross section CT3d—ef for Kr, Rh, Xe, Eu, Au, and Fm
[the maximum of the cross section for Z- 54 (Xe) is 13.6 mb at
at £ = 0.3 a.u.]; b) the partial cross section <?3d-»£:p for Kr, Rh,
Xe, Eu, Au, and Fm.
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FIG. 24. Change in the M4 > 5 absorption spectrum of xenon-like
ions upon the collapse of the 4f electron.79 The spectra are
aligned on the basis of the ionization energies of the 3d5/2 sub-
shell (the dashed line). Theoretical values of ff3d^ 4f (found
by the Hartree-Fock method for the average energy) are
shown by the vertical lines (for Cs+, Ba21", and La3+, these
values are reduced by a factor of 1.3; for Xe, they are in-
creased by a factor of 105). The arrows show the theoretical
ionization edges of the 3d5/2 subshell.

spectrum, with absorption becoming more intense.
This change occurs in the M4i5 absorption spectrum for
the isoelectronic series of xenon upon the collapse of
the 4f electron78'79 (Fig. 24). (Except for Xe, the spe-
cies in this series correspond to absorption in ionic
compounds, but the similarity of the spectra for the
different ionic compounds shows that the spectra are
atomic in nature.) In the Xe and I" spectra there are
two broad maxima, which correspond to the M4 and M5

absorption edges, as is confirmed by RPAE calcula-
tions of the photoionization cross section.77 The cross
section for excitation to an uncollapsed 4f state is neg-
ligibly small. Between Xe and Cs*, the nature of the
spectrum changes sharply: The maxima become nar-
rower and shift away from the ionization threshold.
Hartree-Fock results show that this change results
from the collapse of a 4f electron in the 3d9 4f con-
figuration.79 The effective nuclear charge is higher for
the 4f electron in the 3d9 4f configuration than that in
the 4d9 4f configuration, so that the 4f electron collap-
ses as early as Cs*. The primary maxima in the ab-
sorption spectra of Cs*, Ba2*, and La3* thus corre-
spond to discrete 3d-4f transitions. This conclusion
is confirmed by Hartree-Fock calculations of the
photoexcitation cross sections79 [the agreement with
experiment is slightly worse for cesium, demonstrat-
ing that cesium is near the critical value Z,. (see Sub-
sec. 2d)]. A similar redistribution of intensity between
the excitation and ionization channels has been observ-

ed in the L2,3 absorption spectrum upon the collapse of
a 3d electron in the isoelectronic series of argon, 2p53d
(Ref. 80).

c) Nature of the giant absorption resonances

The discrete transitions nl~nl •+ 1 upon the collapse
of an nl + 1 electron may represent the greater part
of the oscillator strength: "Giant resonances" or
"giant maxima" corresponding to discrete transitions
are observed in the absorption spectra. One such
resonance is observed in the spectrum of manganese
vapor, where it corresponds to the 3p-3d transition.81

The large width of the resonance results from intense
super-Coster-Kronig transitions.82 The RPAE calcu-
lations describe the shape of the resonance accurate-
ly83 (Fig. 25a). The intense absorption corresponding
to transitions to the vacant 3d shell is also character-
istic of other elements in the second half of the iron
group: Fe, Co, Ni, and Cu (Ref. 85). Giant resonan-
ces in the absorption spectra of the vapor of rare
earth metals with 2 = 64-70 near the O2i3 threshold
have been interpreted as 5p-5d transitions.86

The nature of the broad resonance in the N4 j 5 ab-
sorption spectra of lanthanum and barium has been
discussed extensively (the spectrum was first obtained
for a thin film of metallic lanthanum ,87 but it turned
out to be similar to that for the vapor88; the absorption
spectra of metallic and atomic barium are also quite
similar89). Calculations for the giant resonances in the
M4t5 spectra of both elements by the Hartree-Fock
method for the average energy have led to the inter-
pretation of these resonances as corresponding to the
discrete transitions 4dI O-4d94f *P (Refs. 64, 66, and
89-91). The solutions of the Hartree-Fock equations
for each term for the 'p term, however, show that the
4f electron in this state is localized in the outer well
and that the probability for this transition is very
low.6"8'67 This conclusion agrees with RPAE calcula-
tions of the cross section for photoionization from the
lanthanum 4d shell,92 which show that the broad reso-
nance in the N4 i 5 absorption spectrum corresponds to
transitions to the continuum.

In the next element, Ce, the 4f electron is now in a
normal atomic configuration, and the excitation cor-
responds to the final configuration 4d9 4f2. For all the
terms of this configuration the 4f electron is localized

3, mb

FIG. 25. Giant resonances in the absorption spectra corre-
sponding to discrete transitions.83 a—Mn3p63d5 — 3p53d6;
b— Ce4d'°4f~ 4d94f2. Dashed curves—experimental81-83; solid
curves—calculations in the random-phase approximation with
exchange. The theoretical maxima along the energy scale are
aligned with the experimental maxima; Ef is the photon energy.
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in the inner potential well, so that there should be an
intensity redistribution between transitions to the dis-
crete and continuous spectra, in agreement with the
conclusion that the primary resonance in the N4l5 ab-
sorption spectrum of cerium is of a discrete nature
(this conclusion is reached from calculations of the ex-
citation cross section by the RPAE method; Fig. 25b).

Accordingly, despite the similarity between the N4i5

absorption spectrum for La vapor and that for Ce
vapor—each spectrum is dominated by a single large
resonance—these spectra differ in nature. The inten-
sity redistribution between the discrete and continuous
spectra which occurs here is masked by the circum-
stance that the wave function P(tl \ r) in the inner well
is similar to the wave function P(4i\r), and the dis-
crete level 4d94f *P is broad because of a strong inter-
action with the continuum.

d) Controlled collapse

Connerade has suggested an experiment on "control-
led collapse."5'68 The equilibrium in the case of a
collapsed electron is quite sensitive in the sense that
the localization of the collapsed electron could be
changed gradually by exciting another electron to vari-
ous states of the Rydberg series. This possibility has
been predicted by Hartree-Fock calculations (Fig. 26).
If cesium vapor is bombarded simultaneously by a
laser beam of a fixed wavelength and by synchrotron
radiation, then the localization of the 4f electron in the
4d94fn'Z configuration will change upon the progressive
excitation of the outer nl electron to various n'l states,
and this effect will be seen in the spectrum of absorp-
tion in the 4d shell.

e) Effect of the barrier on the degree of alignment of ions
during photoionization

The existence of an effective potential barrier may
be responsible for the increase in the degree of align-
ment of ions (given a nonuniform occupation of mag-
netic sublevels) during photoionization of the inner
shell of an atom near the ionization threshold.93

In the case of an unpolarized primary photon beam
the degree of alignment can be characterized by the

FIG. 26. Change in the wave function of the 4f electron of
CsI4d84fns upon the excitation 6s—MS. These results illus-
trate the possibility of a controlled collapse.5 The calcula-
tions were carried out with the Hartree-Fock potential for the
average energy. The curves are labelled with the principal
quantum number of the excited s electron.

0.1 -

FIG. 27. Degree of alignment of singly charged ions of Kr, Cd,
Se, Ba, and Hg with a vacancy in the 3d5/2 subshell, plotted as
a function of the photoelectron energy.93 The calculations were
carried out with the Herman— Skillman potential.

statistical-tensor element AM, which depends on A,
the ratio of the dipole -transition integrals,93

(" ' l r |E ' -D IK 1\
( n ( | r | E ; _ i ) • I0-1/

The element A2() reaches a maximum at \2 » 1, i.e.,
when the photoionization channel I — I + 1 is weaker
than the I ~ I - 1 channel. This situation can arise be-
cause of two factors: 1) a suppression of the integral
(nl \r\tl + 1) because of the potential barrier; 2) the
appearance of a Cooper minimum upon a change in the
sign of this integral. Calculations of the degree of
alignment of several shells of various atoms have
shown that both effects are important near the photo-
ionization threshold.93 Figure 27 illustrates the in-
crease in the degree of alignment which results from
the existence of a potential barrier during ionization
of the 3d5/2 subshell, in which case there is no Cooper
minimum. Alignment of ions can be observed as an
anisotropy of the angular distribution of the subsequent
emission of x rays or Auger electrons and also as a
polarization of the x rays.

6. INTERACTION OF LOW-ENERGY ELECTRONS
WITH AN ATOM WITH A TWO-WELL POTENTIAL

a) Shape resonances in the cross section for elastic
scattering of electrons

If an electron is moving in an atomic field whose ef-
fective potential has a well founded by a barrier,
there will be an abrupt change in the scattering phase
shift when the electron energy is equal to the energy
of the level in the inner well. This jump leads to shape
resonances in the partial cross section for elastic
scattering of electrons by the atom. The cross section
is described by the following expression in the region
of the resonance9'53:

' (6.1)

</ = — ctaS?: (6.2)

tr, T, and o° are defined in (3.8) and (3.9), and a0 is
the background scattering cross section.

An expression analogous to (6.1) has been derived
for the resonance photoionization cross section.94

As the orbital angular momentum I of the electron
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increases, or (at a given value of I), as the energy of
the quasistationary level decreases, the barrier oppo-
sing the motion of the electron becomes higher, and
the resonance becomes sharper.

A resonance in the partial cross section a, can also
be seen in the total cross section a = S,a,, since at
low energies this cross section is determined primari-
ly by only the first few terms.53

Equation (6.1) describes an isolated resonance in the
single-channel approximation. When coupling with in-
elastic-scattering channels is taken into account, other
resonances appear, and the phase shift becomes com-
plex.9'11 Frequently, however, these corrections are
small, and the essential behavior of the elastic cross
section can be described by a real phase shift.9

Shape resonances near the threshold are observed in
the elastic scattering of electrons by atoms of alkali
metals, alkaline earths, inert gases, etc. (see Refs.
95-97, for example; there are detailed bibliographies
in the reviews in Refs. 98 and 99), Although the single-
channel wave function calculated with the Hartree-Fock
potential and even that calculated with the Hartree po-
tential can be used to study shape resonance in the
elastic cross section in certain cases,100 more accu-
rate methods are ordinarily used for theory of these
resonances: the strong-coupling equations, the vari-
ational method, etc.9 8,99

b) Existence of a narrow maximum in the bremsstrahlung
spectrum

Bombardment of a lanthanum target by electrons of a
fixed kinetic energy has revealed a narrow maximum
in the bremsstrahlung spectrum near the spectral
boundary (Fig. 28). Calculations of the bremsstrah-
lung spectrum with a Hartree-Slater potential101 have
predicted a structure in the spectrum qualitatively
similar to the observed structure, but further from
the edge of the spectrum. Ac cording to the calculations,
the structure derives from a contribution of the f chan-
nel of the scattered electron. This partial contribution
is characterized by the shift of the maximum away
from the edge. An electron which loses almost all
its energy by radiation can form a metastable complex
with a target atom. The existence of an obstacle—the
potential barrier—to the decay of such a complex af-
fects the probability for the emission of a photon of the
given energy.14

A similar sharp peak near the high-energy boundary
of the bremsstrahlung spectrum has also been observ-
ed for cerium.17

An attempt has been made17'101'102 to explain the
anomalous dependence of the intensity of the Ma |6

x-ray spectrum on the energy of a primary electron
beam near the M4 j 5 ionization edges on the basis of a
resonance in the bremsstrahlung spectrum. The addi-
tional experimental data of Bef. 103 furnish evidence,
however, that the resonance x-ray emission here is
determined by discrete transitions, rather than by
bremsstrahlung, and the variation of the spectrum

FIG. 28. X-ray bremsstrahlung spectrum emitted upon the
scattering of a beam of monoenergetic electrons (£ = 660 eV)
by a lanthanum target.16

results from a change in the population of the initial
state.

c) Suppression of Auger electron emission during electron-
impact ionization of an atom

A phenomenon analogous to a shifted photoionization
edge can also occur during electron-impact ionization
of atoms. If a shell with a large one-electron orbital
angular momentum is ionized, the channels with 1^2
can be important in the cross section. The scattering
along these channels will be affected by the potential
barrier, and this effect can lead to a significant sup-
pression of the cross section near the ionization
threshold and a subsequent resonant increase of this
cross section. The results should be an anomalous
dependence of the x-ray and Auger emission on the
energy of the electron beam.

Suppression of the Auger electron yield (the integrat-
ed intensity over the Auger spectrum) has been observ-
ed during ionization of the 4f shell of gold, bismuth,
and lead at a beam energy slightly above the binding
energy of a 4f electron.15 The N6,7O4,5O4,5 Auger spec-
trum appears only at a beam energy 60-70 eV greater
than the binding energy (Fig. 29a). The yield of Auger
electrons during ionization of the 4p or 4d shells, on
the other hand, corresponds to the normal ionization
threshold: The spectrum is observed immediately, as
soon as the beam energy exceeds the binding energy
(Fig. 29b).

30/7 son

FIG. 29. a—Anomalous; b—normal thresholds for the emission
of Auger electrons upon electron-beam ionization of atoms.15

The arrows show the ionization thresholds; E is the energy
of the primary electron beam, a) The auger transitions
N6i704i5O4j5 in gold after ionization of the 4f shell; b) the
Auger transitions N4j5W and N3N4>5V in gadolinium, which
occur after ionization of the 4d and 4p shells, respectively.
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A similar suppression of the spectrum near the
threshold and a subsequent increase in the intensity
upon an increase in the energy of the primary electron
beam may also occur in the x-ray emission spectrum.
It may be that the threshold observed in the dependence
of the cross section for ionization or excitation of the
3d shell on the electron beam energy is related to the
change in the intensity in the Ma,« emission spectra of
lanthanum and cerium,17'101 mentioned in the preceding
subsection.

A potential barrier can suppress the emission of low-
energy Auger electrons. Although the selection rules
permit the emission of Auger electrons with several
values of the orbital angular momentum I for most
configurations, a single channel is usually dominant
in the probability for an Auger transition. If this chan-
nel corresponds to I ^ 2, the Auger spectrum may be
suppressed for certain elements, even though the cor-
responding Auger transitions are allowed from the
energy standpoint. As a result there may be an abrupt
increase in the transition probability for another ele-
ment upon an increase in the transition energy. It is
difficult to observe such a phemomenon experimentally
because of the difficulties in detecting low-energy Au-
ger electrons.

d) The large post-collision Auger shift

When an Auger spectrum is excited by photons with
an energy slightly above the threshold for the forma-
tion of the initial vacancy, the energy of the lines in
the Auger spectrum is observed to depend on the pho-
ton energy. The reason for this effect is the so-called
post-collision interaction.1"4 The Auger electron is
subjected to the Coulomb repulsion of the photoelectron
which is moving off slowly and thus the former acquir-
es an increased kinetic energy. The magnitude of this
post-collision shift is of the order of 0.1-0.2 eV.
Chamberlain et al.n have observed a large post-colli-
sion shift, 1.0±0.2eV, of the N5O2i3O2,3^0 Auger line of
Cs*. The shift of the same line for Xe and I", the
preceding elements in the isoelectronic series, has a
"normal value" (0.04 ±0.5 and 0.2 ±0.1 eV). It is for
Cs* that the 4f electron in the 4d94f (P many-electron
state is at the collapse boundary (see Table I and Fig.
26), so that there is a quasistationary level with a
small positive energy in the inner well, and at this
photoelectron energy the wave function of the photo -
electron should suddenly penetrate into the inner well.
As a result, there is a substantial increase in the mu-
tual repulsion of the photoelectron and the Auger elec-
tron, which leads to a large post-collision Auger shift.
This level in the inner well is much higher for I" and
Xe, and in the energy interval under consideration near
the threshold, where the post-collision interaction is
manifested, the resonant penetration of the photoelec-
tron wave function into the atom does not occur in
these species: The interaction of the photoelectron
with the Auger electron is "normal." Chamberlain
et al." interpret their results as direct proof that a
"collapse" of the f wave function of the continuum
occurs for Cs*.

7. CONCLUSION

The existence of a two-well potential and the associ-
ated phenomenon of electron collapse may cause ano-
malous abrupt changes in various atomic spectra:
energy spectra, absorption spectra, the spectra of
elastic and inelastic electron scattering by atoms,
Auger spectra, x-ray emission spectra, etc. The one-
electron approximation is usually adequate for explain-
ing these spectral features, although many-electron
effects may be important in certain cases for condi-
tions corresponding to a critical equilibrium.

Electron collapse has received little experimental
study so far because of the difficulty in carrying out
measurements near the thresholds or for highly ex-
cited atoms. The theory is also inadequate; there is a
particular need for use of the methods of the many-
electron theory of the atom.

Clearly defined effects of the potential barrier can
be expected in the case of negative ions. The height
of the barrier and the conditions of the electron col-
lapse should be affected strongly by external fields.105

The effects of the potential barrier in molecules and
solids have received even less study than in the case
of free atoms. In particular, a distribution of the one-
electron wave function between two potential wells
might explain why f electrons can participate in chemi-
cal bonds, as is indicated by certain results on first -
and second-order phase transitions,106'107 magnetic
properties,106 and the chemical shifts of x-ray lines of
rare earth metals and compounds.108

Electron collapse is a sensitive indicator of the state
of the atom, and this circumstance might be used for
high-precision measurements of atomic properties.
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